Abstract. The inversive congruential method with prime modulus for generating uniform pseudorandom numbers has several very promising properties. Very recently, a generalization for composite moduli has been introduced. In the present paper it is shown that the generated sequences have very attractive statistical independence properties.
Introduction and main results
Several nonlinear congruential methods of generating uniform pseudorandom numbers in the interval [0,1) have been studied during the last few years. A review of the developments in this area is given in the survey articles [3, 13, 14, 16, 17] and in H. Niederreiter's excellent monograph [15] . A particularly attractive approach is the inversive congruential method with prime modulus, which has been analyzed in [1, 2, 4-6, 11, 12, 17] . Recently, a generalization for arbitrary composite moduli has been introduced in [8] . The present paper restricts itself to the case of a modulus m= px-p2---pr with arbitrary distinct primes px, p2, ... Let (y" )">o be a sequence of elements of Zp. given by y"n+x = a^Y'-2 + bi (mod/?,), n > 0, where yo = m¡y^ (mod/?,) is assumed. Note that zPi 2 = z~l (mod/?,) for any integer z G ZPi\{0} according to Fermat's Theorem; i.e., (yi!))n>o is an (ordinary) inversive congruential sequence in the sense of [1] . As usual, a sequence (xn'^)n>o of (ordinary) inversive congruential pseudorandom numbers in the interval [0,1) is defined by xnl) = ynl)I Pi for n > 0. for n > 0.
The proof of Theorem 1 is given in the third section. Theorem 1 shows that an implementation of generalized inversive congruential generators is possible, where exact integer computations have to be performed only in ZPi, ... , ZPr, but not in Zm . From now on it is always assumed that the generalized inversive congruential sequence (yn)n>o is purely periodic with maximal period length m; i.e., {y0, yx,..., ym-X] = Zm. Theorem 1 implies that (y")">o shares this property if and only if (ynl))n>o is purely periodic with period length /?, for 1 < i < r. A characterization of these (ordinary) inversive congruential generators is given in [6] , whereas a handy sufficient condition demands for z2-biZ-a¡ (or equivalently, y2-by-a) to be a primitive polynomial modulo Pi for 1 <i<r (cf. [1, 11] ). For a fixed number r of prime factors of m , Theorem 2 shows that D\\ -0(m~xl2(logm)s) for any generalized inversive congruential sequence. In this case, Theorem 3 implies that there exist generalized inversive congruential generators having a discrepancy D$ which is at least of the order of magnitude m~xl2 for all dimensions s > 2. However, if m is composed only of small primes, then r can be of an order of magnitude (log m)/ log log m, and hence Y\ri=x(2s -2 + sp~l/2) = 0(ms) for every e > 0 (cf. [7] ). Therefore, one obtains in the general case D" = 0(m~xl2+£) for every e > 0. Since TYi=x((Pi -3)/(Pi -1))1/2 > 2~rl2, similar arguments imply that in the general case the lower bound in Theorem 3 is at least of the order of magnitude m"xl2~s for every e > 0. It is in this range of magnitudes where one also finds the discrepancy of m independent and uniformly distributed random points from [0, iy, which almost always has the order of magnitude m~'<'2(loglogm)1/'2 according to the law of the iterated logarithm for discrepancies (cf. [9] ). In this sense, generalized inversive congruential pseudorandom numbers model true random numbers very closely.
Auxiliary results
First, some further notation is necessary. For integers k > 1 and q > 2 let Ck(q) be the set of all nonzero lattice points (hx, ... , hk) G Zk with -q/2 < hj < q/2 for 1 <j <k. Define License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use
